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Abstract 

We introduce the notion of reticular Legendrian unfoldings in order to investigate 
stabilities of bifurcations of wavefronts generated by a hypersurface germ with a bound- 
ary, a corner, or an r-corner in a smooth n dimensional manifold. We define several 
stabilities of reticular Legendrian unfoldings and prove that they and the stabilities of 
corresponding generating families are all equivalent and give a classification of generic 
bifurcations of wavefronts in the cases r = 0,n<5 and r=l,ra<3 respectively. 

1 Introduction 

In [5] K.Janich explained the wavefront propagation mechanism on a manifold which is 
completely described by a positive and positively homogeneous Hamiltonian function on the 
cotangent bundle and investigated the local gradient models given by the ray length function. 
Caustics and Wavefronts generated by an initial wavefront which is a hypersurface germ 
without boundary in the manifold is investigated as Lagrangian and Legendrian singularities 
by V.I.Arnold (cf., P). 

In this paper and its prequel [10] , we investigate stabilities and a genericity of bifurcations 
of wavefronts generated by a hypersurface germ with an r-corner. Wavefronts generated 
by all edges of the hypersurface at a time give a contact regular r- cubic configuration on 
the 1-jet bundle. All wavefronts around a time give a one-parameter family of contact 
regular r-cubic configurations on the 1-jet bundle. In order to consider families like these, 
we shall introduce the notion of unfolded contact regular r-cubic configurations on the big 
1-jet bundle. A wavefront of an unfolded contact regular r-cubic configuration is the big 
front of the corresponding one-parameter family of contact regular r-cubic configurations. 
We shall consider their generating families and equivalence relations. 



Figure 1: A generic bifurcation of wavefronts on a boundary 

In order to investigate stabilities and a genericity of unfolded contact regular r-cubic 
configurations, we introduce the notion of reticular Legendrian unfoldings which is a gen- 
eralised notion of Legendrian unfoldings given by S.Izumiya (cf., [2]) for our situation. We 
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shall define several stabilities of reticular Legendrian unfoldings and prove that they and sta- 
bilities of their generating families are all equivalent. We shall also classify generic reticular 
Legendrian unfoldings and give all figures of their wavefronts in the case r = l,n < 3. 

This paper consists of four sections. In Section [2] we shall give a motivation for this paper 
and give a review of stabilities under the reticular t-V-K- equivalence relation of function 
germs which plays an important role as generating families of reticular Legendrian unfoldings. 
We shall also give a review of the theory of contact regular r-cubic configurations. In 
Section [3] we shall introduce the notion of reticular Legendrian unfoldings and consider their 
generating families. In Section H] we shall consider several stabilities of reticular Legendrian 
unfoldings. In Section [5] we shall reduce our investigation to finitely dimensional jet spaces 
and give a classification of generic reticular Legendrian unfoldings. 

All maps considered here are differentiable of class C°° unless stated otherwise. 

2 Preliminary 

2.1 Propagation mechanism of wavefronts 

Let us start with the propagation mechanism of wavefronts generated by a hypersurface 
germ V° with an r-corner in an (n + l)(=r + fc + l)-dimensional smooth manifold M which 
is given in [5]. Let H :T*M\0— >R be a fixed Hamiltonian function, which we suppose that 
if (A£) =Aif(£) for all A>0 and £eT*M\0. For example, consider a Riemann manifold M 
and H be the length of a covector in T*M\0. 

The manifold E = H~ l (l) has the contact structure defined by the restriction of the 
canonical 1-form on T*M and the projection 7r : E —>■ M is a spherical cotangent bundle. 

Let HF = {(x\,- ■ ■ ,x r ) G W\xi > 0,- • • ,x r > 0} be an r-corner, £ e E, to > 0, and V° be a 
hypersurface germ which defined by the image of the immersion t:(H r xl fc ,0)^M such 
that t(0)=7r(£ ) (,o\t l(0) v° — 0- Let r/ be the image of the phase flow of the Hamiltonian 
vector field X H at (t ,£o)- Since the flow preserves values of H and the contact structure on 
E, it induces the contact embedding germs C t : (-E,£o) — > E for t around to which depends 
smoothly on t. We define the cx-edge of V° by V° H{x a = 0} for a C I r = {1,. . . ,r}. Let 
L° a be the initial covectors in E generated by V® to conormal directions, that is 

Ll = {i q eE\qeV^ e,lr,vj = 0}. 

We may regard L° with the lift of V°. We also define that L a ,t = C t (L° a ) for ad r ,te (R,t Q ). 
Then the wavefront W a j generated by V® to conormal directions at time t is given by 
W a , t = n(L a>t ) for aCl r ,te{R,to). 

We are concerned with stabilities and a genericity of bifurcations of wavefronts {W a j}aci r 
for t around to with respect to perturbations of V°. 

Since we shall discuss local situations, we may identify (E,^ ) with (J 1 (M n ,M),0), n : 
(E,7] )^(M,TT(r] )) with tt : ( J^R^R^O) -> (R n x R,0), and t = 0, where tt : J 1 (R n ,R) -> 
R n xK is the natural Legendrian bundle which is introduced in Section 12.31 Then Ct is 
identified with C t : (J^R^R^O) -»• J x (R n ,R) for te(R,0) with C (0) = 0. The coordinate 
system on (i?,£o) m ay be chosen that L° is given: 

L a = {(q,z, P )e(J 1 (R n ,R)MQa=Pi r -a = qr + i = --- = qn = z = 0,q Ir - a >0} 

for each a <zl r . 
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Figure 2: The initial wavefront V° with a boundary and generated wavefronts ( e = 0, t\< 
t 2 <h) 

We shall consider one-parameter families of contact regular r-cubic configurations 
{L*,t} 

2.2 Stabilities of unfoldings 

We review the main results of the theory of function germs with respect to the reticular 
t-"P-/C-equivalence relation given in [TO] . 

We denote by £(r; ki,r; k 2 ) the set of all germs at Oinffx R kl of smooth maps W x 
tfi^rxtf 2 and set Tt(r; k h r; k 2 ) = {f e £(r; fa,r; k 2 )\f(0) = 0}. We denote £(r; k u k 2 ) for 
£(r;ki,0;k 2 ) and denote 9Jl(r;ki,k 2 ) for %R(r;ki,0;k 2 ). 

If k 2 = l we write simply £(r;k) for £(r;fc,l) and 97t(r;fc) for 97t(r;/c,l). Then £(r;k) is 
an IR-algebra in the usual way and 9Jt(r; fc) is its unique maximal ideal. We also denote by 
£(k) for £ (0;Aj) and 9Jl(fc) for 971(0; fc). 

We denote by J l (r + k,p) the set of Z-jets at of germs in £(r;k,p). There are natural 
projections: 

7T, : £{r- k,p) — > J'(r + M , tt£ : J* 1 (r + fc,p) — + J /a (r + k,p) (h > l 2 ). 

We write j l f(0) for 717 (/) for each f & £(r;k,p). 

Let (a?,|/) = (xi, ■ ■ ■ ,x r ,y-L,--- ,yk) be a fixed coordinate system of (HTxIR fc ,0). We denote 
by B(r;k) the group of diffeomorphism germs (HF x M fc ,0) — > (HF x M fc ,0) of the form: 

<p(x,y) = (x 1 <p\(x,y),--- ,x r <p{(x,y),<i>l(x,y),— ,(j>\(x,y)). 

We say that fo,go^£( r 'ik) are reticular K-equivalent if there exist <p&B(r;k) and a 
unit a^£(r;k) such that go = a • fo 0- We call (0,a) a reticular JC -isomorphism from fo to go- 

We denote by B n (r;k + n) the group of diffeomorphism germs (H r xl fc+n ,0)-»(H r x 
M fc+n ,0) of the form: 

<j>(x,y,u) = (x 1 (l>\(x,y,u) r --,x r (l)[(x,y,u),<t>l(x,y,u),--- ,</4(x,y,u),<f>l(u),...,<f%(u)). 
We denote 4>(x,y,u) = (x(f)i(x,y,u),(f) 2 (x,y,u),4>2,(u)) and denote other notations analogously. 

We say that f,g E£(r;k + ri) are reticular V-K,- equivalent if there exist $GS n (r;Jc+n) 
and a unit «6^(r;fc + n) such that g = a ■ fo $. We call (<&,a) a reticular V '-K -isomorphism 
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from f to g. 

We say that a function germ f &Wt(r;k) is reticular JC -I -determined if all function germ 
which has same /-jet of / is reticular /C-equivalent to f . 

Lemma 2.1 Let fo(x,y) eWl(r;k) and let 

OR(r;*) l+1 cart(r;A0(^ 

then fo is reticular JC -I -determined. Conversely if fo(x,y) G VJt(r;k) is reticular JC-l- 
determined, then 

i\i+i~i t dfo df M/ 9/o df 

<m(r;k)+ c(f , Xl — ,.., Xr —) £{nk)+ Wl(r-,k)( Wi ,-, Wk >■ 

We denote §^ = (f^r" >j%) an d denote other notations analogously. 

In convenience, we denote an unfolding of a function germ f(x,y,u) eTl(r;k + n) by 
F(x,y,t,u) G QJT(r; A; + m + n). 

Let F(x,y,t,u) EWl(r;k + mi+n) and G(x,y,s,u) G 97t(r; /c + m 2 +n) be unfoldings of 
f(x,y,u) G 9JT(r; fc + ra). 

^4 reticular t-V-JC-f -morphism from F to G is a pair ($,«), where $G97l(r;/c + m 2 + 
n,r;fc + mi + n) and a is an unit of £(r; k + m 2 + n), satisfying the following conditions: 

(1) $ can be written in the form: 

$(x,y,s,u) = (x(f)!(x,y,s,u),(f)2(x,y,s,u),(j) 3 (s),(f)4(s,u)), 

(2) $|]H[r xR fc + n =id^r xR k + n, « | JJr x K fc + n = 1 

(3) G(x,y,s,u)=a(x,y,s,u)-Fo$(x,y,s,u) for all (x,y,s,u) G (ET x M fc+m2+n ,0). 

If there exists a reticular t-V-JC- /-morphism from F to G, we say that G is reticular t-V- 
JC-f -induced from F. If mi = m 2 and $ is invertible, we call ($,«) a reticular t-V-JC-f - 
isomorphism from F to G and we say that F is reticular t-V-JC- /-equivalent to G. 

We say that F(x,y,t,u),G(x,y,t,u) E£(r;k + m + n) are reticular t-V-JC -equivalent if 
there exist $ of i3(r;/c + m + n) and a unit «£^(r;fc + m + n) such that 

(1) $ can be written in the form: 

$(x,y,t,u) = (x 1 (/) 1 (x,y,t,u),(l)2(x,y,t,u),(l) 3 (t),(f) 4 (t,u)), (2.1) 

(2) G(x,y,t,u) = a(x,y,t,u)-Fo$>(x,y,t,u) for all (x,y,t,u) G (EI r x ]R fe+m+n ,0). 
We call a reticular t-V ' -JC -isomorphism from F to G. 

Let f(x,y,u)^S(r;k + n) and set z — j l f(0). Let O l r -p.^{z) be the submanifold of J'(r + 
k + n, 1) consists of the image by 717 of the orbit of the reticular P-/C-equivalence of /. Then 
we have that 

TMv-K^)) = M(f^) £{r;k+n) +m(r^ (2.2) 
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Let U be a neighbourhood of in ~^ r + k + m + n anc \ let F : £/ — > M be a smooth function and 
I be a non-negative integer. We define the smooth map germ 

j[F:U — ► J l (r + k + n,l) 

as the follow: For (x,y,t,u)&U we set j[F(x,y,t,u) by the /-jet of the func- 
tion germ F {X:yAu) G Tt(r;k + n) at 0, where F {x ^^ u) is given by F {x ^ y ^ u) (x' ,y\u') = 
F(x + x',y + y',t,u + u') — F(x,y,t,u). 



Definition 2.2 We define stabilities of unfoldings. Let F(x,y,t,u) G Wl(r;k + rn+n) be an 
unfolding of f(x,y,u) E%Jl(r;k+n). 

Let I be a non-negative integer and z = j l f(0). We say that F is reticular t-V-JC-l- 
transversal unfolding of f if the j[F\ x=0 at is transversal to O l rV _ K {z). 

We say that F is reticular t-V -JC- stable unfolding of f if the following condition holds: 
For any neighbourhood U of in ^ r + k + m + n anc [ ari y representative F G C°°(U,M.) of F, 
there exists a neighbourhood iVp of F in C°°(£/,R) with the C^-topology such that for any 
element G^Np, the germ G\ m r xR k+ m +n at (0,yo,to,Uo) is reticular t-P-ZC-equivalent to F for 
some (0, y ,t Q , u ) eU. 

We say that F is reticular t-V -IC-versal unfolding of f if any unfolding of / is reticular 
t-V-JC- /-induced from F. 

We say that F is reticular t-V -JC-infinitesimally versal if 

S{r;k + n) = (f\ x —,—) £{r . k+n) + (-^)s(n) + (-^|*=o)m- 

We say that F is reticular t-V -JC-infinitesimally stable if 

OF OF OF OF 

£(r;k+m+n) = (F,x—, — ) £(r;fc+m+ „) + (-^) £{m +n) + (-^)e(m)- (2.3) 

We say that F is reticular t-V -JC-homotopically stable if for any smooth path-germ 
(M,0) — >£ (r;k + m + n),Ti— >F T with Fq = F, there exists a smooth path-germ (R,0)— > 
S(r;/c-|-m-|-n) x £(r; /c + m + n) , r i— > ($ T ,a T ) with ($o,ao) = (id A) sucn that each ($ T ,a r ) 
is a reticular t-P-/C-isomorphism and F T = a T • Fo o $ T for r G (R,0). 

Theorem 2.3 Lei / fee an unfolding of fo(x,y) G9Jt(r;/c) and F(x,y,t,u) EWl(r;k-\-m-\-n) 
be an unfolding of f(x,y,u) EWl(r;k+n). Then following are equivalent. 

(1) There exists a non-negative number I such that /o is reticular JC -I -determined and F is 
reticular t-V '-K-V -transversal for V> Im+l+m+l. 

(2) F is reticular t-V -JC- stable. 

(3) F is reticular t-V -JC-versal. 

(4) F is reticular t-V -JC-infinitesimally versal. 

(5) F is reticular t-V ' -JC-infinitesimally stable. 

(6) F is reticular t-V -JC-homotopically stable. 

The classification list of reticular t-P-ZC-stable unfoldings in 9H(r; k + 1 + n) with 
t = 0,n < 5 or r = l,n<3 are given in [TUJ p. 201]. 
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Theorem 2.4 (Cf., [TUl Theorem 4.7]) Let r = 0,n<5 or r = l,n<3 and U be a neigh- 
bourhood of in W xM i+1+ " . TTien i/iere exists a residual set O cC°°(U,R) such that 
the following condition holds: For any FeO and (0,yo,to,Uo) G U, the function germ 
F(x,y,t,u)eWt(r;k + l + n) given by F(x,y,t,u) = F(x,y + y ,t + t ,u + u ) - F(0,y ,t ,u ) is 
a reticular t-V-K,- stable unfolding of F\ t=0 . 

2.3 Contact regular r-cubic configurations 

We review a result given in [Hj. Let J 1 (M n ,IR) be the 1-jet bundle of functions in n- 
variables which may be considered as M 2n+1 with a natural coordinate system (q,z,p) = 
(qi,...,q n ,z,pi,...,p n ), where q be a coordinate system of R n . We equip the contact struc- 
ture on J 1 (M n ,lR) defined by the canonical 1-form 9 = dz — ^2™ =1 Pidqi. We have a natural 
projection vr : J^R^R) ^R n x R by n(q,z,p) = (q,z). 

Definition 2.5 Let w G J 1 (lR n ,lR) and {L a } aC j r be a family of 2 r Legendrian submanifold 
germs on (J 1 (IR n ,IR),u'). Then {I ff } ffC ; r is called a contact regular r-cubic configuration on 
J^R^R) if there exists a contact embedding germ C : ( J^R^R^O) -> ( J^R^R),™) such 
that L (7 = C(L°) for all ad r . 

A function germ F(x,y,q,z) &%Jl(r;k-\-n-\-l) is called C-non- degenerate if 
JE(0) = |E(0) = and x,F,§f,§£ are independent on (H r x M fc+n+1 ,0) 



Definition 2.6 Let {L ff } ffC / r be a contact regular r-cubic configuration on (J 1 (M ra ,IR),0). 
Then a function germ F(x,y,q,z) EfJJl(r;k + n + l) is called a generating family of {L a } aC i r 
if the following conditions hold: 

(1) F is C-non- degenerate, 

(2) For each o~(Zl r , the function germ F\ X(t= q is a generating family of L a , that is 

r)F r)F BF r)F 

L a = {(q,z^/(-^))e(J 1 (R n ,R),0)\^ = 7 ^ = j r = F = 0,x Ir ^>0}. 
oq oz oxi r _ a ay 

We say that contact regular r-cubic configurations {J-fyadr and {L 2 a } a(Z i r on 
(J 1 (M"',R),0) are Legendrian equivalent \i there exists a Legendrian equivalence of n such 
that Ll = Q(Ll) for all aC I r . 

We say that function germs F(x,yi, ■ ■ ■ ,yk iy q,z) G 97t(r; k\ +n + 1) and 
G(x,yi, ■ ■ ■ ,yk 2 ,q,z) G 9Jt(r; fc 2 +n+ 1) are stably reticular V -K- equivalent if F and G 
are reticular P-ZC-equivalent after additions of non-degenerate quadratic forms in the 
variables y. We also define other stably equivalences for function germs analogously 



Theorem 2.7 (Cf., [HI Theorem 5.6]) (1) For any contact regular r-cubic configuration 
{L ff } ffC / r on ( J 1 (R n ,R),0), there exists a function germ F G SDT(r; fc+n+ 1) which is a gen- 
erating family of {L a } aClr . 

(2) For any C-non- degenerate function germ F G DJl(r;k + n + l), there exists a contact reg- 
ular r-cubic configuration of which F is a generating family. 

(3) Two contact regular r-cubic configurations are Legendrian equivalent if and only if their 
generating families are stably reticular V-JC- equivalent. 
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3 Reticular Legendrian unfoldings 

We consider the big 1-jet bundle J 1 (M x R n ,R) and the canonical 1-form on that space. 
Let (t,q) = (t,qi,...,q n ) be the canonical coordinate system on RxR™ and (t,q,z,s,p) = 
(t,qi,...,q n ,z,s,pi,...,p n ) be the corresponding coordinate system on J 1 (MxR n ,IR). Then 
the canonical 1-form © is given by 

n 

Q = dz — ^^Pidqi — sdt = 9 — sdt. 
i=i 

We recall that our purpose is the investigation of one-parameter families of contact reg- 
ular r-cubic configurations on J 1 (R n ,R) which defined by one-parameter families of contact 
embedding gems (J^R^R),!)) — > J^R^R) depending smoothly on t E (R,0). 

Let {-^cr,t}crc/r,<e(]R,o) be a family of contact regular r-cubic configurations on J 1 (R n ,R) 
defined by a family of contact embedding germs C t : ( J 1 (R n ,R),0) — > J^R^R) depending 
smoothly on t E (R,0) such that C o (0) = and L ffjt = C t (L° a ) for all a C I r and t E (R,0). 

We consider the contact diffeomorphism germ C on ( J X (R x R n ,R),0) as the following: 

Lemma 3.1 For any family of contact embedding germs C t : ( J 1 (R n ,R),0) — > 
J^R^R) (Co(0) = 0) depending smoothly on £e(R,0), there exists a unique function germ 
h on (J 1 (RxR n ,M),0) such that the map germ C : ( J\R x R",R),0) -> ( J\R x R",R),0) 
defined by 

C(t,q,z,s,p) = (t,qoC t (q,z,p),zoC t (q,z,p),h(t,q,z,s,p),poC t (q,z,p)) 
is a contact diffeomorphism. 

Proof. We denote that C t (q,z,p) = (qt(q,z,p),z t (z,q,p),p t (q,z,p)). Since C t is a contact em- 
bedding germ for all tE (R,0), there exists a function germ a(t,q,z,p) around zero with 
a(0)^0 such that dz t (z,q,p) —p t (q,z,p)dq t (q, z,p) = a(t,q,z,p)(dz — pdq) for all fixed t. By 
the direct calculation of this equation, we have that 

dz t dq t dz t dq t dz t dq t _ 

oz oz oq oq op op 

We also calculate C* (dz — pdq — sdt) by considering the above relations. Then we have that 

C* (dz — pdq — sdt) 
= dz t (z,q,p)-p t (q,z,p)dq t (q,z,p)-h(t,q,z,s,p)dt 

= ®(t,z,q,p)dz-a(t,z,q,p)dq-(^(q,z,p)-p t (q,z,p)-^(q,z,p)-h(t,q,z,s,p))dt. 
To make C a contact embedding, the function h(t,q,z,s,p) is uniquely determined that: 
h(t,q,z,s,p) = -^-(q,z,p) -p t (q,z,p)-^(q,z,p)+a(t,q,z,p)s. 

□ 
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Definition 3.2 Let C be a contact diffeomorphism germ on (J 1 (M x M n ,R),0). We say that 
C is a V -contact diffeomorphism if C has the form: 

C(t,q,z,s,p) = (t,q c (t,q,z,p),zc(t,q,z,p),h c (t,q,z,s,p),pc(t,q,z,p)). (3.4) 

We remark that a P-contact diffeomorphism and the corresponding one-parameter family 
of contact embedding germs are uniquely defined by each other. 

We define that L® = {(t,q,z,s,p)eJ 1 (RxM. n ,R)\q a =p Ir ^ (T = q r+ i = --- = q n = s = z = 
0, qi r - a > 0} for aCl r and L = {(t, q, z, s,p) E J 1 (R x R n ,R) = ■ ■ ■ = q r p r = q r+1 = --- = q n = 
s = z — 0,qi r > 0} be a representative as a germ of the union of lP a for all a C I r . 

Definition 3.3 We say that a map germ C : (L,0) — > ( J X (R x R n ,R),0) is a reticular Legen- 
drian unfolding if £ is the restriction of a P-contact diffeomorphism. We call {C(L®)} aC i r 
the unfolded contact regular r-cubic configuration of C. 

We note that: Let {L a } aC i r be an unfolded contact regular r-cubic configuration associ- 
ated with a one-parameter family of contact regular r-cubic configurations {-^ CT ,t}o-c/r,te(R,o)- 
Then there is the following relation between the wavefront W a = H(L a ) and the family of 
wavefronts W a j = Tt(L ut ): 

W a = |J {t}xW^ t for all (7 CT r . 

te(K,o) 

In order to study bifurcations of wavefronts of unfolded contact regular r-cubic configu- 
rations we introduce the following equivalence relation. Let K, \l/ be contact diffeomorphism 
germs on ( J X (R x R n ,R),0). We say that K is a V-Legendrian equivalence if K has the form: 

K(t,q,z,s,p) = (cpi(t),(j)2(t,q,z),(j)3(t,q,z),(j)i(t,q,z,s,p),(j) 5 (t,q,z,s,p)). (3.5) 

We say that ^ is a reticular V- diffeomorphism if ir t o^ depends only on t and \l/ preserves 
L° a for all ad r . 

Let {L l a } aC i r (i = 1,2) be unfolded contact regular r-cubic configurations on (J x (Rx 
R n ,R),0). We say that they are V-Legendrian equivalent if there exist a P-contact dif- 
feomorphism germ K such that L\ = K{L\) for all a C I r . 

In order to understand the meaning of P-Legendrian equivalence, we observe the follow: 
Let {L^jo-cT-,. (2 = 1,2) be unfolded contact regular r-cubic configurations on ( J 1 (R x R",R),0) 
and {-Zvilo-c/r^epR ,0) be the corresponding one-parameter families of contact regular r-cubic 
configurations on J 1 (R n ,R) respectively. We take the smooth path germs Wj:(R,0)— > 
( J^R^R^O) such that {L l at } uC i r are defined at Wi(t) for i = 1,2. Suppose that there exists 
a "P-Legendrian equivalence K from {L^} aC i r to {Ll} aC i r of the form (13.51) . We set W % at be 
the wavefront of L l at for a<Zl r , tE (R,0) and i — 1,2. We define the family of diffeomorphism 
^:(R™xR,7r( Wl (t)))^(R-xR,7r(w 2 (t))) by g t (q,z) = ((j)2(t,q,z)Mt,q,z)). Then we have 
that g t (W^ t ) = Wl Mt) for all a C I r , t G (R,0). 

We also define the equivalence relation among reticular Legendrian unfoldings. Let Li : 
(L,0)^(J 1 (RxR n ,R),0),(i = l,2) be reticular Legendrian unfoldings. We say that £1 and 
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£2 are V -Legendrian equivalent if there exist a P-contact diffeomorphism germ K and a 
reticular P-diffeomorphism \1/ such that K o C l = C 2 °^ ■ 

We remark that two reticular Legendrian unfoldings are P-Legendrian equivalent if and 
only if the corresponding unfolded contact regular r-cubic configurations are P-Legendrian 
equivalent. 

By the same proof of Lemma 5.3 in [8], we have the follow: 

Lemma 3.4 Let {L a } crC i r be an unfolded contact regular r-cubic configuration on (J 1 (lRx 
R n ,IR),0). Then there exists a V-contact diffeomorphism germ C on (J 1 (RxR n ,K),0) such 
that C defines {L a } aC j r and C preserves the canonical 1-form. 

By this lemma we may assume that all reticular Legendrian unfoldings (and all unfolded 
contact regular r-cubic configurations) are defined by P-contact diffeomorphism germs which 
preserve the canonical 1-form. 

We can construct generating families of reticular Legendrian unfoldings. A function 

f(0) = f' 

ot-o in^onon^Dnt ^vr, (M^ v Ujfc+l+Tl+1 ft\ 

dx ' dy 



germ F{x,y,t ) q 1 z) G 9Jt(r; k + 1 + n+ 1) is called V-C -non- degenerate if |^ (0) = §f(0) = 
and x,t,F } ^f } ^f are independent on (U k xR k+1+n+ \0). 



A P-C-non-degenerate function germ F(x,y,t,q,z) E%Jl(r; k + 1 + n + 1) is called a gener- 
ating family of a reticular Legendrian unfoldings C if 

ftp f)p f)p f)p 
C(Ll) = {(t,q^—/(-— ),—/(-— ))E(J\RxW,R),0)\ 

OF OF 

x a = F=- = — — = 0,x/ r _ (7 >0} for all adl r . 

dx Ir - a dy 

We remark that for a P-C-non-degenerate function germ F(x,y,t,q,z), the function germ 
F(-,-,t, -,-) is C-non-degenerate. 

Lemma 3.5 Let C be a V-contact diffeomorphism germ on ( J 1 (1R x ]R n ,M),0) which pre- 
serves the canonical 1-form. If the map germ 

(T, Q, Z, S, P) - (T, Q,Z,s c (T,Q,Z, S, P), Pc (T, Q,Z,S,P)) 

is diffeomorphism at 0. Then there exists a function germ H(T,Q,p)em(l+n + n) 2 such 
that the canonical relation Pq associated with C has the form: 

P c = {(T,Q,Z,-^(T,Q,p)+s-^X-^,H-(^,p)+Z,s,p)}, (3.6) 

and the function germ F G 9Jt(r;n + 1 + n+ 1) defined by F(x,y,t,q,z) = —z + H(t,x,0,y) + 
(y,q) is a generating family of the reticular Legendrian unfolding C|l- 

Proof. We have that dz — sdt—pdq = dZ — SdT — PdQ on Pc- It follows that d(z — Z) = 
sdt+pdq — SdT — PdQ and d{z — Z + st +pq) = —tds — qdp — SdT — PdQ. Then there exists 
a function germ H'(T,Q,s,p)eDJl(l + n + l + l + n) 2 such that 

z-Z-st-pq = H (T,Q,s,p), *=— q = ~~dp~' S = ~ ~df ' ~dQ C ' 
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Since t = T = — ^f- on Pc, we have that H'(T,Q,s,p) = H(T,Q,p) — Ts for some H(T,Q,p) G 
Wl(l + n + n) 2 . Then 

z-Z-Ts-(-—,p) = H(T,Q,p)-Ts. 



dp 



Therefore we have that 



,dH 



z = H(T,Q,p)-{—,p) + Z 



and have the required form of Pc- By the direct calculation with the form Pc, we have that 
F is a generating family of C|l- d 

We have the following theorem which gives the relations between reticular Legendrian 
unfoldings and their generating families. 

Theorem 3.6 (1) For any reticular Legendrian unfolding £:(L,0)^(J 1 (Rxl n ,I),0), 
there exists a function germ F(x,y,t,q,z) G97t(r;A; + l + n+l) which is a generating fam- 
ily of C. 

(2) For any V-C -non- degenerate function germ F(x,y,t,q,z) G9Jt(r;fc + l + ri + l) with^- = 
§^ = 0, there exists a reticular Legendrian unfolding £ : (L,0) — » ( J 1 (1R x R n ,R),0) of which 
F is a generating family. 

(3) Two reticular Legendrian unfolding are V '-Legendrian equivalent if and only if their gen- 
erating families are stably reticular t-V-JC- equivalent. 

This theorem is proved by analogously methods of [7], [8]. We give a sketch of the proof. 

(1) Let C be a P-contact diffeomorphism germ on (J 1 (Mx M n ,M),0) such that C\^ = C We 
may assume that C*6 = 0. By taking a P-Legendrian equivalence of £, we may assume 
that the canonical relation Pc associated with C has the form (13. 6p for the function germ 
H &fM(l + n + n) 2 . Then the function germ F(x,y,t,q,z) G 9H(r;n + l + n + 1) defined by 

F(x,y,t,q,z) = -z+H(t,Xi,...,x r ,0,y) + (y,q) 

is a generating family of C. 

(2) Let a P-C-non-degenerate function germ F(x,y,t,q,z) G Wl(r;k + l + n+l) with ^f- = 
^ = be given. By [8], Lemma 2.1], we may assume that F has the form F(x,y,t,q,z) = —z + 
F (x,y,t,q) for some F G d)l(r;k-\-l+n). Choose an (n — r) x /c-matrix A and an (n — r) x n- 
matrix B such that the matrix 

/ d 2 F d 2 F d 2 F \ 



dxdy dxdq dxdt 
" 7 o 



d 2 Fo d 2 Fo 8 2 F 



dydy dydq dydt 
ABO 

1 



V 



is invertible. 



(3.7) 



Let F' G DJl(r + k+l + n + l) be a function germ which is obtained by an extension the source 
space of F to (M r+fc + 1+ " +1 ,0). Define the function G(S,Q,y,t,q,z) G Wl(n + 1 + 1 + k + 1 +n + 
1) by that 



G(Q,Z, S,y,t,q,z) = -z+F'(Q 1 ,...,Q r ,y,t,q)+ 



10 



fqi\ 



(Q 



r+l, 



j Qn)A 



+ (Q 



r+l) 



,Qn)B 



+st. 



\y k J 



Then G is a generating family of the canonical relation Pc associated with some P-contact 
diffeomorphism germ C. The function germ F is a generating family of the reticular Legen- 
drian unfolding C|l- 

(3) We need only to prove that: If Fi,F 2 G VJl(r; k + l+n) are generating families of the same 
reticular Legendrian unfolding, then they are reticular t-V -fC- equivalent. 
We may reduce that F; has the form Fi(x,y,t,q,z) = —z + for Ff G 97t(r; A; + 1 + 

n), z = 1,2. Then Ff and F 2 are generating families of the same reticular Lagrangian map in 
the sense of [7]. By [71 p. 587 the assertion (3)], there exists a reticular ^-equivalence from 
F 2 ° to F° of the form: 

(x, y , t, q) = F 2 ° (x,y,t,q) , 2 (x, y, t, q) , t , g) . 



This means that F x and F 2 are reticular t-P-/C-equivalent. 



4 Stabilities 

In this section we shall define several stabilities of reticular Legendrian unfoldings and 
prove that they and the stabilities of corresponding generating families are all equivalent. 

Let U be an open set in J 1 (M x R n ,M). We consider contact diffeomorphism germs on 
(J 1 (MxR n ,R),0) and contact embeddings from U to J^RxK",!). Let (T,Q,S,Z,P) and 
(t,q,z,s,p) be canonical coordinates of the source space and the target space respectively. 
We define the following notations: 

% : (J\R x R n ,R) D{Z = 0},0) -> ( J X (M x M n ,M),0) be the inclusion map on the source space, 

C T ( J X (M x M n ,M),0) = {C\C is a P-contact diffeomorphism germ 

on (J 1 (MxM n ,M),0)}, 
C , ®(J 1 (MxM n ,M),0) = {CGC T (J 1 (MxM n ,M),0)| C*Q = Q}, 
C%(J 1 (RxW l ,R),0) = {Coi |CGC T (J 1 (MxM n ,M),0)}, 
C®' z {J 1 {RxR n ,R),0) = {Cot \CeC%(j\RxR n ,R),0)}. 

Let V = Ur\{Z = 0} and % : V — > U be the inclusion map. 

C T {U, J 1 (R x R n , R)) = {C : J 1 (RxR n ,R)\ 

C is a contact embedding of the form (13. 4p }. 
C^{U,J\R x R n ,R)) = {Ce C T (U, J\R x R n ,R)) \C*Q = 6}, 
CZ{V,j\RxR n ,R)) = {Col \C G C T {U, J 1 {RxR n ,R))}, 
C®' Z {V,J\R x R n ,R)) = {Cot \C G Cf (17, J\R x R n ,R))}. 

Definition 4.1 Stability: We say that a reticular Legendrian unfolding £ is stable if the 
following condition holds: Let Co G CV^J^IR x M n ,M),0)) be a "P-contact diffeomorphism 
germ such that Co|l = £ and Co G Ct(U, J 1 (M x M n ,IR)) be a representative of Co. Then 
there exists an open neighborhood Nq of Cq in C°°-topology such that for any C G Nq , 
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there exists a point wo = (T°,0, . . . , 0, P r ° +1 , . . . , P°) G Z7 such that and £ are P-Legendrian 
equivalent, where a reticular Legendrian unfolding £' WQ is chosen that the reticular Legen- 
drian unfolding C|l : (h,Wo) — > ( J 1 (R x R n ,R),(7(wo)) and £^ o are P-Legendrian equivalent. 
We remark that the definition of stability is not depend on a choice of £' WQ . 

Homotopically stability: A one-parameter family of P-contact diffeomorphism 
germs C : ( J 1 (R x R™, R) x R, (0, 0) ) -> ( J 1 (R x R n , R) , 0) ( (T, Q, Z, 5, P, r) ^ C T (T, Q, Z, S, P) ) 
is called a reticular V -contact deformation of £ if C |l = £- A map germ 
* : ( J 1 (R x R n , R) x R, (0, 0) ) -> ( J 1 (R x R™ , R) , 0) ( (T, Q, Z, 5, P, r) i-> ^ T (T, Q, Z, S, P) ) is 
called a one-parameter deformation of reticular V-diffeomorphisms if = ^j 1 (rxr™,r) an d 
\&t is a reticular P-diffeomorphism for all t around 0. We say that a reticular Legendrian 
unfolding £ is homotopically stable if for any reticular P-Legendrian deformation C = {C T } 
of £, there exist one-parameter family of P-Legendrian equivalences K = {K T } with 
Kq = irfji(R X K™,R) an d a one-parameter deformation of reticular P-diffeomorphisms \I/ = {^ T } 
such that C T = K T o Co o \I/ r for t around 0. 

Infinitesimally stability: Let C G CV( <P(R x R n ,R),0) be a P-contact diffeomorphism 
germ. We say that a vector field v on ( J : (R x R n ,R),0) along C is an infinitesimal P- 
contact transformation of C if there exists a reticular P-Legendrian deformation C = {C T } 
on (J 1 (MxM n ,R),0) such that C = C and ^\ T=0 = v. We say that a vector field f on 
( J*(R x R n ,R),0) is infinitesimal reticular V- diffeomorphism if there exists a one-parameter 
deformation of reticular P-diffeomorphisms \i/ = {\I/ r } such that 2j^\ T=0 = £. We say that a 
vector field r] on ( J : (R x R n ,R),0) is infinitesimal P -Legendrian equivalence if there exists 
a one-parameter family of P-Legendrian equivalences K = {K T } such that K = idjim x s.nm 
and ^ L | r=0 = n. We say that a reticular Legendrian unfolding £ is infinitesimally stable if 
for any extension C of £ and any infinitesimal P-contact transformation v of C, there exists 
an infinitesimal reticular P-diffeomorphism £ and an infinitesimal P-Legendrian equivalence 
rj such that u = C*£ + 77 o (7. 

We may take an extension of a reticular Legendrian unfolding £ by an element of 
C®( J : (R x R n ,R),0) by Lemma 13.41 Then as the remark after the definition of the sta- 
bility of reticular Legendrian maps in [SJ p. 121], we may consider the following other 
definitions of stabilities of reticular Legendrian unfoldings: (1) The definition given 
by replacing C T ( «P(R x R n ,R),0)) and C T (U, J X (R x R",R)) to C|( J\R x R n ,R),0)) and 
C®(U, J x (R x R n ,R)) of original definition respectively. (2) The definition given by re- 
placing to C|(J 1 (KxM n ,K),0)) and C^(V, J 1 (R x R™ , R) ) respectively. (3) The definition 
given by replacing to Cj'^J^R x R n ,R),0)) and C®' Z (V, J\R x R n ,R)) respectively, where 

v = un{z = o}. 

Then we have the following Lemma which is proved by the same method of the proof of 
Lemma 7.2 in [8] 

Lemma 4.2 The original definition and other three definitions of stabilities of reticular 
Legendrian unfoldings are all equivalent. 

By This lemma, we may choose an extension of a reticular Legendrian unfolding from 
among all of C T ( J\R x R",R),0)), Cf( J\R x R n ,R),0)), Cf( J\R x R n ,R),0)), and 
C? ,z (J 1 (KxlR n ,]R),0)). 
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We say that a function germ H on ( J 1 (R x R™,R),0) is V -fiber preserving if H has the 
form H(t,q,z,s,p) = YTj=\ hj (t,q,z)pj + h Q (t,q,z)+a(t)s. 

Lemma 4.3 Let C G C T ( J^R x R n ,R),0). Then the folio wings hold: (I) A vector field germ 
v on ( J-^R x R ra ,R),0) along C is an infinitesimal V- contact transformation of C if and only 
if there exists a function germ f on ( J 1 (]R. x R n ,R),0) smc/j t/iat / does not depend on s and 
v = X f oC. 

(2) v4 vector field germ rj on (J^R x R n ,R),0) is an infinitesimal V-Legendrian equivalence 
if and only if there exists a V-fiber preserving function germ H on (J 1 (IRx R n ,R),0) such 
that r) = Xjj . 

(3) A vector field £ on ( J-^R x R n ,R),0) is an infinitesimal reticular V-diffeomorphism 
if and only if there exists a function germ gEB such that £ = X g , where B — 
(qiPi,...,qrPr,qr+i,---,qn,z) £t ^ ZtP + (s) £t 

Proof. A vector field X on ( J^R x R n ,R),0) is a contact Hamiltonian vector field if and 
only there exists a function germ / on (J 1 (Mx R ra ,R),0) such that X — Xf, that is 

^ dqi 1 dz dpi dt dz ds 

_ydl_d__dld_ + (H _y pi dl_ s dl ) d_ 
^ dpi dqt ds dt ^ * dpi ds dz ' 

(1) A vector field v is an infinitesimal P-contact transformation of C if and only if v = Hf o C 
and §j = 0. This holds if and only if v — HfoC and / does not depend on s. 

(2) A vector field germ rj is an infinitesimal P-Legendrian equivalence if and only if there 
exists a fiber preserving function germ H such that t] — Xh by and ^JjL = a(t) for some 
function germ a(t). This holds if and only if t] = Xh and if is a P-fiber preserving function. 

(3) A vector field £ is an infinitesimal reticular P-diffeomorphism of C if and only if there 
exists a function germ g e (q^,. . . ,q r p r ,q r+1 ,. . . ,q n ,z,s) £jl(RxRn s) such that £ = X g since X g 

is tangent to L° for all a C I r , and || = a(t), this holds if and only if £ = X g and g<EB. □ 



Let U be a neighbourhood of in J\R xM",l). We define: 

J l c e (U, J\R x R n ,R)) = {j l C(w ) G J\U, J\R x R n ,R))| 
C : (U,wq) — > J^R x R n ,R) is a P-contact embedding germ which preserves 9}. 



Theorem 4.4 (P-Contact transversality theorem) Let Qi,i = 1,2, . . . are submanifolds 
of J l c e (U, J 1 (R x R n , R) ) . Then the set 

T = {CeC^(U,J 1 (RxR n ,R))\j l C is transversal to Q t for allieN} 
is a residual set in G®(£7, J\R x R n ,R)) 

Proof. We reduce our assertion to local situations by choosing a countable covering of Qi 
by sufficiently small compact sets Kijs. We fix a P-contact embedding C <EC®(U,J 1 (Rx 
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M n ,M)). For each u> Gf/ there exist local contact coordinate systems of U around wq and 
J^MxK",!) around C{wq) such that C is given by (t,q,z,s,p) i— »■ (t,q,z,s,p) around 0. 

For each i,j we take E by a sufficiently small neighbourhood of in P(2n + 3,l,i+ 1) and 
take a smooth function p : U — > [0, 1] such that p is equal to 1 in a neighbourhood of Wq and 
outside a compact set, where P(2n + 3, 1,1 + 1) is the set of polynomials on (2n + 3)-variables 
with degree <l + l. 

For each H<eE we define H'(T,Q,Z,s,p) = p(T,Q,Z,s,p)H(T,Q,Z,s,p) — (Q,p) —Ts. 
a nd^ H (T,Q,Z,s,p) = (T,Q,Z-^(T,Q,Z,s,p)-%(T,Q,Z,s,p)). 

Then there exists a neighbourhood U' of such that ipn is an embedding on U' and 
identity outside a compact set for any H EE. Therefore there exists a neighbourhood W 
of in ^(Ixl",!) such that the map E^C°°(W,U'), F^^ 1 )^ is well defined and 
continuous. Each (V^^liy is equal the identity map outside a compact set. We set 

^H)(T,Q,Z,S,P) = (-^--^-,H'-(^-,p) + Z,s,p)o(ij H })(T,Q,Z,S,P) 

for (T,Q,Z,S,P) G W. Then <fi{H) is a P-contact embedding germ preserving G around 
which has the canonical relation with the generating function H(T,Q,Z,s,p) and equal to C 
outside a compact set. It follows that the source space of 4>(H) can be extended naturally 
to E x U. We denote this by <\> H G C$(U, J X (R x M n ,M)). Then the map 

§:ExU—> J l c e(U,J 1 (R xM n ,R)), $(H,w) =j\<j) H ){w) 

is a submersion around (0,u>o), hence is transversal to Kij. So we have the result. □ 

We denote the ring £{l + n + n) on the coordinates (t,q,p) by £t, q , P and denote other 
notations analogously. 

Theorem 4.5 Let C be a reticular Legendrian unfolding with a generating family 
F(x,y,t,q,z). Then the following are equivalent. 
(u) F is a reticular t-V-K- stable unfolding of F\ t =o. 
(hs) C is homotopically stable. 
(is) £ is infinitesimally stable. 

(a) £ t , qtP = B +(l,p 1 oC',...,p n oC') {U oc>)*St, q , z + ( so C')£t> where C' = C\ Z=S=0 and B = 
(qiPi, ■ ■ ■ ,q r p r ,qr+i, ■ ■ ■ ,q n )e t , q , P - 

We remark that sufficiently near reticular Legendrian unfoldings of stable one are stable by 
the condition (a). 

Proof. (u)=^(hs): Let a reticular P-Legendrian deformation C = {C T } of £ be given. The 
homotopically stability of reticular Legendrian unfoldings is invariant under P-Legendrian 
equivalences, we may assume that the map germs 

(T,Q,Z,S,P)^(T,Q,Z,soC T (T,Q,P),poC T (T,Q,P)) 

are a diffeomorphism at hence for all r. By Lemma 13.51 there exists a one-parameter 
family H T (T,Q,p) E^M(l + n + n) 2 depending smoothly on r G (M,0) such that the canonical 
relations Pc T associated with C T has the form: 

Pc T ^{(T,Q,Z-^(T,Q,p) + s-^X-^,H T -(^,p} + Z,s,p)}. 
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Then the function germ F T G DJl(r;n + 1 + n + l) defined by 

F r (x,y,t,q,z) = -z + H T (t,x,0,y) + (y,q) 

are generating families of reticular Legendrian unfoldings £ t :=C t |l for re(K,0). Since 
Fq is a reticular t-P-/C-stable unfolding of F\ t= o, it follows that Fq is a reticular t-V-K- 
homotopically stable unfolding of F\ t=0 by Theorem 12.31 Therefore there exists a one- 
parameter family of reticular t-P-/C-isomorphism from F T to F Q depending smoothly on 
r. This means that there exists a one-parameter family of P-Legendrian equivalences K T 
depending smoothly on r such that 

C T (L° a )=K T oC(L° a ) for all ad r , re(R,0). 

Then the map germ \I/ T := C^ 1 oK^ 1 oC t gives a one-parameter deformation of reticular P- 
diffeomorphism on (J^R x M n ,lR),0) and we have that C T = K T oC o^ T . This means that 
C is homotopically stable. 

(hs)=^(is): Let C , 6Ct(J 1 (1xR' 1 ,R),0) be an extension of C and v be an infinitesimal 
P-contact transformation of C. Then there exists a reticular P-Legendrian deformation 
C = {C T } of C such that v = ^j 3L \ T= o. Then there exist a one-parameter of P-Legendrian 
equivalences K = {K T } and a one-parameter deformation of reticular P-diffeomorphisms 
i|r = {\[/ T } suc h that C T = K T o C o ty T for rG(R,0). Then we have that 

_dC T _dK T ,#r, v 

v - — | T=0 - \r=o o Co + (C )*{— | r=0 ) • 

(is)=>(a): Let a function germ f&£t,q,p be given. We define the function germ /' on 
(/(Ixl",!)^) by f( y t,q,z,s,p) = fo7r Tt Q tP oC- 1 (t,q,z,a(t,q,z,p),p), where a(t,q,z,p) = 
soC(t,q,z,0,p). Since /' does not depend on s, it follows that XfoC is an in- 
finitesimal P-contact transformation of C. Therefore there exist an infinitesimal P- 
Legendrian equivalence 77 and an infinitesimal reticular P-diffeomorphism £ such that 
Xf oC = C^ + f]oC. By Lemma 14.31 there exist a P- fiber preserving function germ H 
on (J 1 (lRxlR n ,lR),0) and g (E B such that £ = X 9 and7? = X H . Then we have that foC = g + 
HoC. Since f'oC(T,Q,Z,S,P) = fon T)Q foC- 1 (t,q,z,a(T,Q,Z,0,P),p) = f(T,Q,Z,0,P) = 
f(T,Q,P) and H has the form H(t,q,z,s,p)=J2 r i=ihi(t,q,z)pi + h (t,q,z) + h'(t)s, We have 
that 

n 

/E^(/ii(noC')) ^ o c") + /i (n o c") + (h'(toC')){ S o c') mod s - 

i=l 

Since t o C — t, we have the required form. 

(a)=^(u): By Lemma 1331 there exists a function germ H(T,Q,p) £ 9X1(1 + n + n) 2 such that 
the function germ H(T,Q,p) — Ts is a generating function of Pc- Then the function germ 
F(x,y,t,q,z) G 97t(r;n + 1 + n + l) given by F(x,y,t,q,z) = —z + H(t,x,0,y) + (y,q) is a gener- 
ating family of C. Then := Pc"|2:=s=o has the form 

sir a?/ d# a# 
Pc={{T ^-dQ^~W H ~ { W ph df^ p)} - 



Then the map germ P' c — > (M 1+ri+n ,0), w^TTr.o.p^) is a diffeomorphism. We set C(F) 

,dF_ = dF' 

dx dy 



{(x,y,t,q,z)e(W xR n+1+n+1 ,0)\F = xf: = jf = 0}. We also define the map germ C(P) 



by 

. . dF dH , . d# <9F . 

(z^g^^o,-^ ,-— (t,x,o,y),- Wn M,z, w ,y). 
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Then the composition of the above two map germs induces the map germ l:£t,q,p/Bq^ 
£c(F)- We denote T,Q,P for the variables on the source space of this map germ. Then the 
correspondence is given that: 

dF dF 
T^t,Q 1 ^x 1 ,...,Q r ^x r ,P 1 ^——,...,P r ^——, 

OX\ dx r 

toC'(T,Q,P)^t,qoC\T,Q,P)^q,zoC , (T,Q,P)^z, 
dF 

S oC\T,Q,P)^—,poC\T,Q,P)^y,((UoC'ySt, q , z )^St, q , z ,((toC')*S t )^£ t . 
Then (a) is transferred that 



£(r;n + l+n+l) = (F,X — ,—) £ (r;n+l+n+l) 



dF dF, 
dx ' dy 

dF. . dF . dF., .dF. 



dz naLy dq x n dq n " ot ^ dt 

It follows that F is a reticular t-P-/C-infinitesimal stable unfolding of F\ t= Q. □ 



5 Genericity 

In order to give a generic classification of reticular Legendrian unfoldings, we reduce our 
investigation to finitely dimensional jet-spaces of contact diffeomorphism germs. 

Definition 5.1 Let £:(L,0)^(J 1 (lxR n ,l),0) be a reticular Legendrian unfolding. We 
say that £ is /-determined if the following condition holds: For any extension C G Ct{ x 
R n ,R),0) of £, the reticular Legendrian unfolding C"|l and £ are P-Legendrian equivalent 
for any C G C T ( J\R x R n ,R),0) satisfying that j l C(0)=j l C'(Q). 

As Lemma 14.21 we may consider the following other definition of finitely determinacies 
of reticular Legendrian maps: 

(1) The definition given by replacing C T { J l (R x R n ,R),0) to Cf ( J\R x R n ,R),0). 

(2) The definition given by replacing C T ( J\R x R n ,R),0) to C#( J 1 (ML x R",R),0). 

(3) The definition given by replacing C T ( J\R x R n ,M),0) to C®' z ( J X (R x R",R),0). 
Then the following holds: 

Proposition 5.2 Let £ : (L,0) — > ( J X (R x R n ,R),0) be a reticular Legendrian unfolding. 
Then 

(A) If £ is I -determined of the original definition, then £ is I -determined of the definition 
(!)• \ 

(B) If £ is l-determined of the definition (1), then £ is l-determined of the definition (3). 

(C) If £ is l-determined of the definition (3), then £ is (I + 1)- determined of the definition 
(2). ' ^ 

(D) If £ is l-determined of the definition (2), then £ is l-determined of the original definition. 

Proof. We need only to prove (C). Let CeCf(J 1 (RxK'NR),0) be an extension of 
£. Let C'GCf (J 1 (RxR"R),0) satisfying j l+1 C(0) = j l+1 C'(0) be given. Then there 
exist function germs f(T,Q,S,P),g(T,Q,S,P)E£(2n + 2) such that C*[dz — sdt — pdq) = 
-f(SdT + PdQ),C'*(dz-sdt-pdq) = -g(SdT + PdQ). Indeed / is defined by that 
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fPi = — |^ +Pc^r for i = l,...,n and fS = —^-+pc^r- We define the diffeomorphism 
germs 0,-0 on ( J 1 (IR n ,IR) fl {Z = 0},0) by <f>(T,Q,S,P) = (T,Q,fS,fP),^(T,Q,S,P) = 
(T,Q,gS,gP). We set d := Co<jr l ,C' x := Co^ 1 g O^J^R x R n ,R),0) Then j l <f>(0) and 
j'V(O) depends only on j l+1 C(0), therefore we have that j'Ci(O) =j'C((0). Since £ and Ci|l 
are P-Legendrian equivalent, it follows that Ci|l and C{|l are P-Legendrian equivalent. 
Therefore we have that £ and C'\t are P-Legendrian equivalent. □ 



Theorem 5.3 Let £ : (L,0) — > ( J 1 (M x M n ,M),0) 6e a reticular Leg endrian unfolding. If £ is 
infinitesimally stable then £ is (n + 5) -determined. 

Proof. It is enough to prove £ is (n + 4)-determined of Definition 15.11 (3). Let Cg 
C?' (J 1 (KxK n ,K),0) be an extension of £. Since the finitely determinacy of reticular 
Legendrian unfoldings is invariant under P-Legendrian equivalences, we may assume that 
Pc has the form 

f)TJ f)J-f f)P f)M 

Pc = {(T,Q,Z,- w (T,Q, P ) + S ,- — ,T,- — ,H-(—, P ) + Z,s, P )} 

for some function germ H(T,Q,p) G Wl(2n + 1) 2 . Then F(x,y,t,q,z) — —z-\-H (x,y,t)-\- 
(y,q) e9Jt(r;n + l + n + l) is a generating family of £, where H (x,y,t) — H(t,x,0,y) G 
njt(r;n + l) 2 . By Theorem 14. 5[ we have that F is a reticular t-P-/C-stable unfolding of 
f(x,y,q,z) :=—z + H (x,y,0) + {y,q) G 9Jt(r;n + n+ 1). This means that 

f (r; n + 1 + n + 1) = (F,x—,—) £{r . n+1+n+1) + (1, _) £(1+n+1) + (-^->£(i). 

By the restriction of this to g = z = 0, we have that 

£(r;n+l)^{Ho,x-^,-^—)s {r;n+1 ) + {l,y 1 ,...,y n ,-^)e{i). (5.8) 

This means that 

Wl(r;n+iy +2 C (H ,z-^, ^e^n+i) +101(1)8 (r;n + l). (5.9) 

Let C"GC®' z (J 1 (MxM",R),0) satisfying j n+4 C(0) = j" +4 C"(0) be given. There exists a 
function germ H'(T,Q,p) G 971(272 + 1) such that 

p c , = {(T,g,z,-^(T,Q, P ) + s ,-||,r,-^,if'-(^, P ) + z, s ,p)}. 

Since H = z — qp on Pc< and H' = z — qp on P^/, we have that j n+4 ifo(0) = j n+4 iJo(0), where 
^(x,y,t) = iP(t,x,0,y)G!H(r;n + l) 2 . By (jED we have that 

m(r;nr +2 c(H ,x^(x,y,0)^(x,y,0))e { r;n) 

and this means that H (x,y,0) is reticular /C-(n + 3)-determined by Lemma [2.11 Therefore 
we may assume that H \ t=0 = Pq|( =0 . It follows that H — H' G 9Jt(l)9Jt(r;n + l) n+3 . Then 
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the function germ G(x,y,t,q,z) = —z + H' Q (x,y,t) + (y,q) E DJl(r;n + l + n + 1) is a generating 
family of C"|l- 

We define the function germ E TQ (x,y,t,T) E£(r;n + 1 + 1) by E TQ (x,y,t,T) = (1 — r — 
T )H (x,y,t) + (T + T )Ho(x,y,t) for r G [0,1]. By (ETS]) and (IB31) . we have that 



gK(r;n + ir^c(tf ,z^> £( ^ (0.10) 



Then we have that 



= ^^+ 3 t (^,,, t +aji T ^,, itiT ) 
c an*a^+f t +m t m T wi^ t £ x , y , t , T 



c mt t ((tf ,a;^> £ ^ t + DJ^ 



By (15.101) we have the second inclusion. For the last inclusion, observe that 

QD f)H d 

Xj ^ - x^ = (r + r)x, (fl* - ff ) € WtM^ u 



dE T0 dH . . d 



dy, dyj -(ro + T)-W-H )emW% t , 
9Et ° dH °-^ + r)^(H' Q -H )emZ\. 



dt dt y " J dt 
By Malgrange preparation theorem we have that 

dE. 



dE dE dE 

c^ T ((^,x^> w , T +im, tfAT <^>)+a^ T <i ) y,-^>. 

for To G [0,1]. This means that there exist $(x,y,t) EBx(r;n+l) and a unit a&£(r;n+l) 
and 6i(t),...,6 ri (t),c(t)e£W(l) such that 

(1) $ has the form: $>(x,y,t) = (x(f>i(x,y,t),4>2(x,y,t),(f>3(t)), 

(2) H {x,y,t) = a{x,y,t)-H' o$(x,y,t)+J2^ 1 y i b i {t) + c{t) for (x,y,t) E (W x IR n+1 ,0) 
We define the reticular t-P-ZC-isomorphism (*&,d) by 

'^(x,y,t,q,z) = (x(j)i(x,y,t),(l)2(x 1 y,t),(l) 3 (t),q(l-b(t)),z),d(x,y,t,q,z) = a(x,y,t). 

We set G' := d-Go e 9Jt(r;n + n + 1). Since ^ s -|t=o = 0, we have that a(x,y,0) = 1 and 
$(x,y,0) = (x,y,0). Therefore we have that G'(x,y,0,q,z) = — z + H o (x,y,0) + (y,q) = 
F(x,y,0,q,z) for (x,y,q,z) E (HT x ]R n+n+1 ,0). Then F and G' are reticular t-V-JC- 
infinitesimal versal unfoldings of F\ t= o. Since G and G' are reticular t-P-ZC-equivalent, it 
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follows that F and G are reticular t-P-/C-equivalent. Therefore L and C"|l are P-Legendrian 
equivalent. □ 



Let J l {2n + 3,2n + 3) be the set of /-jets of map germs from ( J X (R x R n ,R),0) to (/(Ex 
R n ,R),0) and pC l (n) be the Lie group in J'(2n + 3,2n + 3) consists of /-jets of P-contact 
diffeomorphism germs on (J 1 (Mx R n ,R),0). Let L / (2n + 3) be the Lie group consists of /-jet 
of diffeomorphism germs on (J^R x R n ,R),0). 

We consider the Lie subgroup rpLe l (n) of L l (2n + 3) x L l (2n + 3) consists of /-jets of 
reticular P-diffeomorphisms on the source space and /-jets of P-Legendrian equivalences of 
IT: 

rpLe l {n) = {{j l <f){0),j l K{0))eL l {2n + 3)xL l {2n + 3) | is a reticular 
P-diffeomorphism on ( J 1 (M x R n ,R),0),-K" is a P-Legendrian equivalence of II}. 

The group rpLe l (n) acts on J / (2n + 3,2n + 3) and pC l (n) is invariant under this action. Let 
C be a P-contact diffeomorphism germ on (J-^R x R n ,R),0) and set z — j l C(0), £ = C|l- 
We denote the orbit rpLe l (n) -z by [z]. Then 

[z] = {j l C'(0) £pC l (n) | £ and C'|l are P-Legendrian equivalent}. 

We denote by Vic the vector space consists of infinitesimal P-contact transformation 
germs of C and denote by VI C the subspace of Vic consists of germs which vanish on 
0. We denote by ^-^ji(r x r",k) by the vector space consists of infinitesimal P-Legendrian 
equivalences on II and denote by ^£ji( RxR n R j by the subspace of VL/1( Rx r",r) consists of 
germs which vanish at 0. We denote by V® the vector space consists of infinitesimal reticular 
P-diffeomorphisms on (J-^R x R n ,R),0) which vanishes at 0. By Lemma [4.31 we have that: 

VI C = {v : ( J\R x R n ,R),0) -> (T( J X (R x R n ,R)),0) | 

v = X f o C for some / G Wl\ q ^ p }, 
^j I (ixiM) = {^I(J 1 (Mxr,l) 1 0) | 

r/ = X H for some P-fiver preserving function germ H &Wl^im xRn .m}, 
V L ° = {^GX(J 1 (MxR",R),0) \i = X g for some geB'}, 

where B' = {q^ , . . . , q r p r ) ji (R x R n >R) + Wl ji (R x R n )R) ( g r+1 , . . . , q n , z) + ( s ) . 

We define the homomorphisms tC : VI® — >■ 1^/^ by tC(i>) = C*?; and wC : ^£ji( RxR n R ) — > 
VI C by wC(r))=r)oC. 

We denote VI l c the subspace of Vic consists of infinitesimal P-contact transformation 
germs of C whose /-jets are 0: 

VI l c ={veVI c \j l v(0) = 0}. 

For CeCf (£/,J 1 (RxR n ,R)), we define the continuous map j l C : U ^ pC l (n) by 
(T°,Q ,Z ,5°,P ) to the /-jet of the map (T,Q,Z,S,P) ^ C(T + T°,Q + Q° ,Z + Z° ,S + 
S ,P + P ) + S T + P Q-C(T ,Q ,Z ,S°,P ) at 0. 

We also define j l C : ( J\R x R n ,R),0) -^pC l (n) by the same method for CeCf (J x (Rx 
R n ,R),0). 
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Proposition 5.4 Let C G C|'(J 1 (]R x M n ,M),0) and set z = j l C{0) . Then j l C is transversal 
to [z] if and only if 

tC(V°)+wC(VL JHRxRnM) )) + VI l c +1 = VI c . 

Proof. We consider the surjective projection TTi:VIc^T z (pC l (n)). Since (j l C)*(v) — 
iti{C*v), it follows that j l C is transversal to [z] if and only if (j l C) t (r (J 1 (lxl n ,M))) + 
T z [z] =T z (pC l (n)) and this holds if and only if 

fa) - WC%(2b( J\R x R»,R)) +tC(y L °) +™C^L° 1(Rxa „ R) ) + = VJ 

and this holds if and only if 

tCiyl) +wC(VLj HWxRn>R) ) + VI l c +1 = vi c . 

□ 



Theorem 5.5 Let C be a reticular Legendrian unfolding. Let C G C| ) (J 1 (1R x M n ,IR),0) be 
an extension of C and l> (n + 2) 2 . Then the followings are equivalent: 
(s) C is stable. 

(t) j l C is transversal to \j l C(0)]. 

(a') £ tiq:P = B +(l,p 1 oC',...,p n oC')^n o c)*e t , q , z + (soC') £t + Tl l tiq:P , where C = C\ Z=S=0 and 
B = (qiPi,.. .,q r p r ,q r+ i,.. .,q n ) 

(a) £ t , q ,p = B + (l,p 1 oC',...,p n oC) (nocyst, q , z + (s°C'} £t , 
(is) L is infinitesimally stable. 

Proof. (s)=^(t): Let CeC$(U, J^lxl",!)) be a representative of C. By theorem WM 
and (s), there exists C G C®(U, J 1 (lxR",K)) such that j l C is transversal to \j l o C(0)], and 
C"|l at w — (t,0, . . . ,0,p r+ i, . . . ,p n ) G U and C are P-Legendrian equivalent. This means that 
[j l C' w (0)) = \j l C(0)) and hence j l C is transversal to \j l C(0)] at 0. 
(t)<^(a): This is proved by an analogous method of Theorem 14.51 

(a)-O-(a'): We need only to prove (a')=^(a). By the restriction of (a') to t = we have that: 

E q9 = B' +(l, Pl oC",...,p n o C") (nocre^ + («° C'% + Wl l q>p , 
where C" — C'\t=o and B' = Bo\ t= o. Then we have that 

It follows that 

^i 2 cB' +(uoc"ym, q , z s q , P . 

Therefore 

m?+ 2 p c b + (n o cym t , q , z £ q ,P + 

and we have that 
It follows that 

£t, q , P = B + (l,p 1 oC',...,p n o C) (uoc>)*£t, q ,z + {soC') £t + 

(Uocym^ 2 z £ t ^ p +m t £ t ^ p . 
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This means (a) by [12, Corollary 1.8]. 
(a)<^(is): This is proved in Theorem 14.51 

(t)&(is)=^>(s): Since j l C is transversal to [joC(0)]> it follows that there exists a representative 
C*GCf (£/, J 1 (RxR n ,R)) of C and a neighbourhood W d of C in C®(U, J 1 (lxR n ,R)) such 
that for any C' G Wq there exists wEU such that j l Q C' is transversal to [j'qC(O)] at w. Since 
j l C^(0)E[j l C(0)}, it follows that there exists C" G C®( J X (R x R n ,R),0) such that £ and 
C"|l are P-Legendrian equivalent and j l C"(0) = j l Q C' w (0). Since £ is infinitesimally stable, 
it follows that £ is (n + 5)-determined by Theorem 15.31 Therefore we have that C"|l is also 
(n + 5)-determined. Then C"|l and are P-Legendrian equivalent. This means that £ 
is stable. □ 

Let £ be a stable reticular Legendrian unfolding. We say that £ is simple if there exists a 
representative C G Ct(U, J 1 (M x R n ,R)) of a extension of £ such that {C^w G U} is covered 
by finite orbits [CJ , . . . , [C m ] for some Ci,. .. ,C m G (^(J^R x R n ,R),0). 

Lemma 5.6 Let £ be a stable reticular Legendrian unfolding and l>(n + 2) 2 . Let Cg 
Cr(J 1 (R x R n ,R),0) be an extension of £. Then £ is simple if and only if there ex- 
ists an open neighborhood W z of z — j l Q C(0) in pC l {n) and zi,...,z m EpC l (n) such that 
W z c[ Zl )U---U[z m ). 

Proof. Suppose that £ is simple. Then there exists a representative C G Ct(U, J x (R x R n ,R)) 
of a extension of £ and C u . . . ,C m G C T { J X (R x R",R),0) such that 

{C w \weU}d[C 1 ]u---u[C m }. (5.11) 

Since £ is stable, it follows that j Q C is transversal to [z] at by Theorem 15.51 This means 
that there exists a neighbourhood W z of z in pC l {n) such that C U tue {/[jgC'(w)]. It follows 
that W,c[yC 1 (0)]U--U^C m (0)]. 

Conversely suppose that there exist a neighbourhood W z of z in pC l (n) and 
zi,...,z m £pC l (n) such that C [zi] U ■ ■ ■ U [z m ] . Since the map j l C : C/ — >• pC l (n) is 
continuous, there exists a neighbourhood {/' of in ?7 such that j l C(w) G W z for any w G f7'. 
Then we have that U we uij l Q C(x)c[zi\U---U[z m \. Choose P-contact diffeomorphism germs 
d,...,C m on (J 1 (RxM n ,R),0) such that j l C j {0) = z i for i = l,...,m. By Theorem ESI (a'), 
we may assume that each reticular Legendrian unfolding is stable, thus /-determined. 
For any w<EU' there exists iE{l,...,m} such that j l C(w) G [j'Cj(O)]. It follows that 
reticular Legendrian unfoldings C w \t and are P-Legendrian equivalent. Therefore 
C w G [Q] . We have floTTTj) . □ 



Lemma 5.7 ^4 stable reticular Legendrian unfolding £ is simple if and only if for a gener- 
ating family F(x,y,t,q,z) G 9Jt(r; &;+ 1 +n + 1) of C, f(x,y) = F(x,y, 0,0) G 9Jt(r; k) 2 is a JC- 
simple singularity. 

Proof. Suppose that £ is simple. Then Iio£ is simple as a reticular Legendrian map. It 
follows that / is a /C-simple singularity by pi Lemma 13.7]. 

Conversely suppose that / is /C-simple. Let l>(n + 2) 2 . There exist a neighbourhood 
W z oiz = j l f(0) in J l (r + k,l) and fi,...J m e£(r;k) such th a tW z c[j l f 1 (0)]U---U[j L f m (0)}. 
We may assume that each /; are simple and reticular /C-/-determined. We choose a reticular 
t-P-/C-stable unfolding Fl(x,y,t,q,z) G VJl(r;k + l + n + l) of /j for each i. If there exists a 
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reticular P-/C-stable unfolding as of fi as (n + 2)-dimensional unfolding, we set it by F®, 
otherwise we set F^ = F} for each z. We also choose an extension C{ eCr(J 1 (lxt",E),0) 
of a reticular Legendrian unfolding of which F- is a generating family for each Let Co 
be an extension of C We may assume that the canonical relation Pq has the form: 

Pc = {(T,Q,z,-^(r,g, P ) + S) -^,r,-^^ Co -(^,p)+z ; ^)} 

for a function germ Hq - Then the /-jet of i?c is determined by the /-jet of Co since 
Hc = z — qp on P<^ . For a P-contact diffeomorphism germ C on (J 1 (IR x R n ,M),0) around 
C , there exists a function germ H c (T,Q,p) satisfying the above condition for P C - We 
define H' c (x,y) G3H(r;ri) by H' c (x,y) = Hc(0,x,0,y). Then there exists a neighbourhood P 
of j'Co(O) such that the following maps are constructed: 

U -> J'(l+n+n,l) -> J z (r + n,l) 
j'C(O)^ j'P c (0) i- j^(0) • 

Then H' Co is reticular /C-equivalent to /. It follows that j l H' Co (0) G W z . We set Z7' the 
inverse image of W z by the above maps. For any j C(0) G U', there exists a number i such 
that j l H' c (Q) G [/j] . By Theorem 15.51 (a'), we may assume that C|l is a stable reticular 
Legendrian map. Since f\ is reticular /C-Z-determined, we have that H' c and fi are reticular 
/C-equivalent. Then the reticular Legendrian map C|l is P-Legendrian equivalent to C°|l or 
C/Il and it follows that j l C(0) G [C°] U [C}\. Then we have that 

and this means that £ is simple. □ 



By |T0X Proposition 6.5], we have that: 

Theorem 5.8 Let F(x,y,t,q,z) £DJl(r;k + n + l) be a V-C -non- degenerate function germ 
for r = 0,n<4 or r = l,n<2. Then F is stably reticular t-V-K,- equivalent for one of the 
following types. 

i 

In the case r = 0,n<4: (%) y[ +1 + ^fcj/j + z (2<Z<n), 

i=i 

(°£>4) 2/?2/2 ± 2/1 + <?i2/I + <?22/2 + <?32/l + ^, 

(° A>) v\v2 + y\ + Q1V2 + <hvl + 1^2 + qm + z, 

1-1 

yl +1 + (t + g2 ±g 2 +i± ... ±g 2 )2/ /-l + ^ g ^ + z (3 < / < n); 

(^4) yly2±y% + ty% + qiy 2 + q2yi + z, y 2 y 2 ±y% + (t + q 2 )y 2 + q 1 y 2 + q 2 y 1 + z, 

OA;) |/?3/2 + 2/1 + *2/f + 9i2/a + ^2 + qsVi + z, V\Vi + 2/f + (*+ flM + ^vl + ^22/2 + gal/i + z, 
^Df) y\y 2 ±y b 2 + ty\ + q lV \ + g 2 y| + q 3 y 2 + q A y x + z, 

{ l E & ) y\ + yt + ty x y\ + q 1 y 1 y 2 + g 2 2/l + 532/1 + <74?/2 + 2. 

In the case r = l,n < 2: (°B 2 ) x 2 + q\X + z, 

(°P 3 ) x 3 + qix 2 + q 2 x + z , 

(°C 3 ± ) ±xy + ?/ 3 + gi?/ 2 + g 2 ?/ + z, 

( 1 -B 3 ) x 3 + tx 2 + qix + z, x 3 + (t + ql)x 2 + qix + z, 

( 1 P 4 ) x 4 + tx 3 + gix 2 + g 2 ^ + ^) 
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( 1 C 3 ± ) ±xy + y 3 + ty 2 + q 1 y + z, ±xy + y 3 + (t + q^)y 2 + q 1 y + z, 
( 1 C 4 ) xy + y 4 + ty 3 + q 1 y 2 + q 2 y + z, 
( X F 4 ) x 2 + y 3 + txy + qix + q 2 y + z. 

Theorem 5.9 Let r — 0,n <4 or r — \,n < 2. Le£C/ 6e a neighbourhood of in J 1 (Kxl",t). 
TTien t/iere exists a residual setOc C®(U, J 1 (M xR n ,I)) such that for any C EO and w eU, 
the reticular Legendrian unfolding C w \^ is stable and have a generating family which is stably 
reticular t-V -K,- equivalent for one of the types in the previous theorem. 

Proof. In the caser = l, n<2. Let F x (x,y,t,q) EWl(r;k + l+n) be a reticular t-P-ZC-stable 
unfolding of singularity X eWl(r;k) 2 for 



Then other unfoldings are not stable since other singularities have reticular /C-codimension 
>4. We choose stable reticular Legendrian unfoldings Cx '■ QL,0) — > ( J 1 (1R x M n ,lR),0) with 
the generating family F x , and C x be an extension of Cx for above list. Let I > 16. We define 
that 

0' = {CeC^(U,j\RxR n ,R)) \j l C is transversal to \j l C x (0)} for all X}. 
Then O' is a residual set. We set 

Y = {j l C(0)eC l (n) | the codimension of [j l C(0)} > 2n + 4}. 

Then F is an algebraic set in pC l (n) . Therefore we can define that 

O'^jC'G^^J^lxr,!)) | j l C is transversal to F}. 

Then F has codimension > 2n + 4 because all P-contact diffeomorphism germ with j l C(0) G 
F adjoin to the above list which are simple. Therefore 



X — B 2 ,B 3 ,B±, C 3 ,C 4 ,F 4 . 



0" = {CeC$(U,J\RxR n ,R)) \ j l C(U)nY = $}. 



Then the set O — O'n O" has the required condition. 



□ 



A, 



B. 




Figure 



3: °B 2 



Figure 



4: °B 3 



23 




24 



Figure 8: 




Figure 11: 1 C 4 
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Figure 12: 1 F i 
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